Boundary value problem for complete second order elliptic equation is considered in Banach space. The equation and boundary conditions involve a small and spectral parameter. The uniform L p −regularity properties with respect to space variable and parameters are established. Here, the explicit formula for the solution is given and behavior of solution is derived when the small parameter approaches zero. It used to obtain singular perturbation result for abstract elliptic equation 
It is well known that differential equations with small parameter play important role in modeling of physical processes. Differential-operator equations (DOEs) with parameter have also significant applications in nonlinear analysis. DOEs are studied in [1, 2] , [4 − 7] , [9 − 14] , [16 − 24] and the references therein. Main aim of this paper is to show the uniform separability properties of boundary value problems (BVPs) for elliptic DOE with parameters − εu (2) (t, ε) + Au (t, ε) + Bu (1) (t, ε) + λu (t, ε) = f (t) , (1.1) where A, B are linear operators in a Banach space E, ε is a small and λ is a complex parameter. Particularly, the sharp coercive L p estimates for solution of (1.1) are obtained uniformly with respect to small and spectral parameter. Finally, these results are used in the singular perturbation problem, i.e. to study the behavior of solution u (t, ε) of (1.1) and convergence of u (t, ε) as ε → 0 to the corresponding solution of the Cauchy problem for abstract parabolic equation
Bu
(1) (t) + Au (t) = f (t) , (1.2)
The treatment of the singular perturbation problem for parabolic equation is due to Fattorini [7, Ch.VI] ] (see also the references therein). The singular perturbation problem for abstract hyperbolic equation
εu
(2) (x, ε) + Au (x, ε) = f (x, ε) , (1.3) was first considered by Kisynski [12] in the case where A is a self adjoint, positive definite operator on a Hilbert space. Latter, Sova [15] study the problem under the assumptions that A is the generator of a strongly continuous cosine function. Then in [6] the same problem considered for the complete hyperbolic equation εu (2) (x, ε) + Au (x, ε) + Bu (1) (x, ε) = 0.
In contrast to these results, in this paper the singular perturbation elliptic problem (1.1) is considered and we show that the solution u (x, ε) of the equation (1.1) converge in L p (0, 1; E) as ε → 0 to the corresponding solution of the equation (1.2) uniformly with respect to spectral parameter λ. Moreover, the solution u (ε, x) of the elliptic BVP (1.1) converge in E as ε → 0 to the corresponding solution of the Cauchy problem (1.2) uniformly with respect to spectral parameter λ. This result allow to investigate the spectral properties of the parameter dependent elliptic BVP (1.1) . Since the Banach space E is arbitrary and A is a possible linear operator, by chousing the spaces E and operators A we can obtained different results about singular perturbation properties numerous classes of elliptic, quasielliptic equations and its system which occur in a wide variety of physical systems. Let we choose E = L 2 (0, 1) in (1.1) and A to be differential operator with generalized Wentzell-Robin boundary condition defined by D (A) = u ∈ W 2 p1 (0, 1) , Au (j) = 0, j = 0, 1 ,
where a is positive and b is a real-valued functions. Assume B is a integral operator defined by
here, K = K (y, τ ) is complex valued bounded function. Then, we get the L p (Ω) −separability and singular perturbation properties of the Wentzell-Robin type BVP for elliptic equation with integral term 5) where m k ∈ {0, 1} , α i , β i are complex numbers, ε is a positive, λ is a complex parameter, L p (Ω) , p = (p,2) denotes mixed Lebesque space and Ω = (0, T ) × (0, 1). Note that, the regularity properties of Wentzell-Robin type BVP for elliptic equations were studied e.g. in [8] and the references therein.
We start by giving the notation and definitions to be used in this paper. Let E be a Banach space and L p (Ω; E) denotes the space of strongly measurable E-valued functions that are defined on the measurable subset Ω ⊂ R n with the norm
The Banach space E is called U M D-space (see e.g. [3] ) if the Hilbert operator
and Lorentz spaces L pq for p, q ∈ (1, ∞) and Morrey spaces (see e.g. [15] ). Let C be the set of the complex numbers and
Let B (E) denote the space of all bounded linear operators in E and R (λ, A) denotes the resolvent of operator A.
A linear operator A is said to be ϕ-positive in a Banach space E with bound M > 0 if D (A) is dense on E and
for any λ ∈ S ϕ , 0 ≤ ϕ < π. Sometimes A + λI will be denoted by A + λ or A λ , where I denotes an identity operator in E. It is known [22, §1.15 .1] that there exist the fractional powers A θ of a positive operator A. Let E A θ denote the space D A θ with norm
Let E 1 and E 2 be two Banach spaces. (E 1 , E 2 ) θ,p for 0 < θ < 1, 1 ≤ p ≤ ∞ denotes the interpolation spaces obtained from
S (R n ; E) is the Schwartz class, i.e. the space of all E-valued rapidly decreasing smooth functions on R n and F denotes the Fourier transformation. If
is well defined and extends to a bounded linear operator
. Most important facts on Fourier multipliers and some related reference can be found e.g. in [22, §2.2.4] and [5, 23] .
Let
We say that W h is a uniform collection of multipliers if there exists a positive constant M independent on h ∈ Q such that
for all h ∈ Q and u ∈ S (R n ; E 1 ) . Let N, R denote the sets of natural and real numbers, respectively. A set
where {r j } is a sequence of independent symmetric {−1, 1}-valued random variables on Ω. The smallest C for which the above estimate holds is called a R-bound of the collection G and denoted by R (G) .
Let G h be subset of B (E 1 , E 2 ) depending on the parameter h ∈ Q. Here, G h is called uniform R-bounded in h if there is a constant C independent on h ∈ Q, such that sup
Definition 1. A Banach space E is said to be a space satisfying a multiplier condition if, for any Ψ ∈ C (1) (R; B (E)) the R-boundedness of the set
implies that Ψ is a Fourier multiplier, i.e. Ψ ∈ M p p (E) for any p ∈ (1, ∞) . Note that U M D spaces satisfies the multiplier condition (see e.g. [5, 23] 
The ϕ-positive operator A is said to be R-positive in a Banach space E if the set ξ (A + ξ)
is R-bounded. Let E 0 and E be two Banach spaces. E 0 is continuously and densely embedded into E. Let m be a positive integer.
Lp(a,b;E) < ∞.
. Let ε ∈ (0, ε 0 ] be a parameter for some positive bounded numbers ε 0 .We define in W m p (a, b; E 0 , E) the following parameterized norm
.
From [20] we obtain: Theorem A 1 . Assume the following conditions are satisfied:
(1) E is a Banach space satisfying the uniform multiplier condition for p ∈ (1, ∞);
is continuous and there exists a positive constant C µ such that
Suppose all conditions of Theorem A 1 satisfied and 0 < µ < 1 − j m . Then the embedding
is continuous and there exists a positive constant C µ such that for all u ∈ W m p (a, b; E (A) , E) the uniform estimate holds
In a similar way as [22, §1.7.7, Theorem 2] and [24, § 10.1] we obtain, respectively:
pm and
Then the transformation u → u (j) (x 0 ) is bounded linear from W m p (0, b; E) into E and the following inequality holds
From [4, Theorem 2.1] we obtain Theorem A 5 . Let E be a Banach space, A be a ϕ-positive operator in E with bound M, 0 ≤ ϕ < π. Let m be a positive integer, p ∈ (1, ∞) and
λ which is holomorphic for x > 0. Moreover, there exists a positive constant C (depending only on M, ϕ, m, α and p) such that for every
Consider the nonlocal BVP for parameter dependent differential operatorequation
where
; α ki , β ki are complex numbers; ε is a positive and λ is a complex parameter; A is a linear operator in
From [17, Theorem 2 ] we obtain Theorem A 6 . Let the Condition 1 hold and 0 < ε ≤ ε 0 . Assume E is a Banach space satisfying the uniform multiplier condition for p ∈ (1, ∞) and A is a R-positive operator in E for 0 ≤ ϕ < π.Then problem (1.3) has a unique
with large enough |λ| and the coercive uniform estimate holds
Abstract elliptic equation with parameters
Consider the BVP for DOE with parameters
where m k ∈ {0, 1} , α i , β i are complex numbers; ε is a positive and λ is a complex parameter; A and B are linear operators in E and
First all of, consider the problem (2.1) − (2.2) with f k = 0, i.e. consider the homogenous problem
Condition 2.1. Assume the following conditions are satisfied:
(1) Assume E is a Banach space satisfying the uniform multiplier condition for p ∈ (1, ∞);
(2) A is a R-positive operator in E for 0 ≤ ϕ < π and d = 0; (3) B is a bounded operator, (A + B)
and
. Theorem 2.1. Assume the Condition 2.1 hold. Then problem (2.3) − (2.4) has a unique solution u ∈ Y for f k ∈ E k , λ ∈ S ϕ with large enough |λ| . Moreover, the coercive estimate holds
(2.5) uniformly with respect to ε and λ.
Proof: By definition of positive operator, 4εA is ϕ-positive uniformly in ε ∈ (0 , 1] . Then for |arg λ| ≤ ϕ, |arg µ| ≤ ϕ 1 and ϕ + ϕ 1 < π we have the estimate
where A λ = A + λ and M 0 depend only on ϕ. 
Moreover, by virtue of Condition 2.1 and in view of the same perturbation theory, the following semigroups
are holomorphic for x > 0 and strongly continuous for x ≥ 0, where
Then
By properties of positive operators and by Theorem A 5 we have
where M 0 is a constant in (1.3) and
In a similar way, we get the uniform estimate
From (2.7) , (2.8) and (2.9) we obtain that
satisfies the boundary conditions (2.4) if
The main operator-determinant of the algebraic equation (2.10) (with respect to g 1 and g 2 ) can be expressed as
It is clear to see that Q λ (ε) has a bounded inverse Q −1
for ε > 0 and λ ∈ S (ϕ) . So, the system (2.10) has a unique solution
From (2.7) and (2.11) we get the following representation of solution (2.3) − (2.4) :
By [4, Lemma 2.6], we have
By properties of positive operators, from (2.6) and (2.15) for u ∈ D A 1 2
we get
Moreover, by virtue of analytic semigroups theory, for all u ∈ E we have
By chance of variable, by estimates (2.14) − (2.16) and by virtue of Theorem 1.5 we obtain
Remark 2.1. It is clear to see that the solution of the problem (2.3) − (2.4) depends on ε, i.e. u = u (x, ε) . Hence, it is interesting to investigate behavior of solution when ε → 0 and to have the smoothness properties of the solution with respect to parameter ε. From Theorem 3.1 we obtain the following result Corollary 2.1. Assume all conditions of Theorem 2.1 are satisfied. Then the solution u of the problem (2.3) − (2.4) satisfies the following:
Proof. The part (a) is obtained from the representation of solution (2.13) . By differentiating both parts of (2.13) with respect to ε and by using Theorem 1.5, the part (b) is obtained.
Theorem 2.2. Assume the Condition 2.1 hold. Then the operator u → {(L ε + λ) u, L 1 u, L 2 u} is an isomorphism from Y onto X × E 1 × E 2 for |arg λ| ≤ ϕ, 0 ≤ ϕ < π with large enough |λ|. Moreover, the uniform coercive estimate holds:
Proof. We have proved the uniqueness of solution of (2.1)−(2.2) in Theorem 2.1. Let us definef
We now show that problem (2.1) − (2.2) has a solution u ∈ Y for all f ∈ X, f k ∈ E k and u = u 1 + u 2 , where u 1 is the restriction on [0, 1] of the solution of the equation
and u 2 is a solution of the problem
By applying the Fourier transform we get that, the solution (2.19) can be given by
here i is the complex unity. It follows from the above expression that
Let us show that operator-functions
are Fourier multipliers in L p (R; E). Actually, due to positivity of A and by assumption (2) we have
It is clear to observe that
Due to R-positivity of the operator A and by assumption (2) the sets
are R-bounded. Then in view of the Kahane's contraction principle and from the product properties of the collection of R-bounded operators (see e.g. [4] Lemma 3.5, Proposition 3.4) we obtain
Namely, the R-bound of the above sets are independent on ε and λ. Next, let us consider σ (λ, ε, ξ) . It is clear to see that
Then by using the well known inequality y
and m = 2 we get the uniform estimate
From (2.24) and (2.25) we have the uniform estimate
Due to R-positivity of the operator A, the set
is R-bounded. Then from (2.26) and by Kahane's contraction principle we obtain
By multiplier theorem (see e.g [23] ) from estimates (2.23) and (2.27) it follows that Ψ and σ are uniform collection of multipliers in L p (R; E) . Then, by using the equality (2.21) we obtain that problem (2.19) has a solution u ∈ W 2 p (R; E (A) , E) and the uniform estimate holds
(2.28)
Let u 1 be the restriction of u on (0, T ) . Then the estimate (2.28) implies that u 1 ∈ Y . By virtue of Theorem A 3 we get
Hence, L k u 1 ∈ E k . Thus, by Theorem 3.1 problem (2.20) has a unique solution u 2 ∈ Y for sufficiently large |λ| and
Moreover, from (2.28) we obtain
Therefore, in virtue of Theorem A 3 and by estimate (2.30) we have
Hence, from estimates (2.29), (2.31) and (2.32) we have
Finally, from (2.30) and (2.33) we obtain (2.18) .
Singular perturbation problem for abstract elliptic equation
Consider the problem (1.2), i.e. the following Cauchy problem for abstract parabolic equation
where A, B are linear operators in a Banach space E. The problem (2.1)− (2.2) can be regarded as the singular perturbation problem for (3.1) − (3.2) .
In this section we prove the following result: Theorem 3.1. Let the Condition 2.1 hold and the operator −AB −1 generates analytic semigroup in E. Moreover, assume:
(
Then; (a) the solution of the equation (2.1) for λ = 0 converges to the corresponding solution of (3.1) in X as ε → 0; (b) the solution of (2.1) − (2.2) converges to the corresponding solution of (3.1) − (3.2) in E as ε → 0 uniformly in t on compact intervals of (0, T ) .
Proof. By virtue of Theorem 2.2, there is a unique solution of (2.1) − (2.2) expressed as
Let us show that the solution u (ε, .) of (2.1) − (2.2) approaches to the corresponding solution of (3.1) − (3.2) in E under conditions (H 1 ) and (H 1 ). Since A and B are close operators, it is clear to see that
is a Fourier transform of Bu ′ (t) + Au (t) and from (3.1) we get that
is a solution of the equation (3.1), where under Condition 2.1 Φ 0 (ξ) is uniformly bounded in ξ ∈ R. The operator functions Φ (ξ, ε), Φ 0 (ξ) are uniform bounded and are multipliers in L p (R; E) (see the proof of Theorem 2.2). It is clear to see that
as ε → 0 uniformly in ξ and λ. Moreover, we get
Sincef (ξ, ε) →f 0 (ξ) in E as ε → 0 for a.e. ξ ∈ R, Φ (ξ, ε) is bounded in E for all ξ ∈ R and the Fourier transform F is continuous in X. Then we get
as ε → 0 for a.e. for ξ ∈ R By the same reason and due to Φ (ξ, ε) → Φ 0 (ξ) in B (E) as ε → 0 uniformly in λ and ξ, we have
Then due to boundedness of F −1 from (3.5) − (3.8) we obtain
We have proved the assertion (a). Now, let us show the assertion (b 
where U 0,λ (t) is an analytic semigroup in E generated by the operator
Due to uniform boundedness of D −1 (ε) and by estimates of analytic semigroups from (3.4) we obtain
From (3.4) in a similar way, for f 2 ∈ E we get
From (3.12) and (3.13) we have
Let us show that
for all υ ∈ D (A 0 ) , where K is a uniform bounded operator in E. Indeed, the Laplace transform of U 0 (.), U 1 (., ε), U 2 (., ε) gives the resolvent R(s, A 0 ), R(s, B + Q), R(s, B + Q), respectively. Hence, by using the linearity and convolution properties of the Laplace transform, (3.15) , (3.4) and (2.6) it sufficient to show
Indeed, by using (2.6), the resolvent equation, the exponential properties of strongly continuous semigroups we get that there is a bounded operator K in E that (3.16) is satisfied.. Hence, from (3.4) and (3.13) for υ ∈ D (A) we get
Then from (3.3), (3.4) and (3.17) for f 1 ∈ E, f 2 ∈ D (A) we deduced
C 2 exp −ε −1 ωt f 2 E + f (ε, .) − f 0 (.) E , By conditions (H 1 ) and (H 2 ) we get exp −ε −1 ωt → 0 as ε → 0 uniformly with respect to t on all compact σ ⊂ (0, T ). Then from (3.18) we obtain the assertion. In this section, we present the following result: Therefore, the problem (1.4) − (1.5) can be rewritten in the form of (2.2), where u (t) = u (t, .) , f (t) = f (t, .) are functions with values in E = L 2 (0, 1) . By virtue of [8] the operator A generates analytic semigroup in L 2 (0, 1). Then in view of Hill-Yosida theorem (see e.g. [22, § 1.13]) this operator is sectorial in L 2 (0, 1) . Since all uniform bounded set in Hilbert apace is an R-bounded (see [3] ), i.e. we get that the operator A is R-sectorial in L 2 (0, 1) . Then from Theorem 2.2 and Theorem 3.1 we obtain the assertion.
